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Let X be a smooth complex projective variety of dimension n and
let L be an ample line bundle on X . In this paper, in order to
investigate the dimension of H0(KX + tL) more systematically, we
introduce the invariant Ai(X, L) for every integer i with 0 i n.
Furthermore, we study this invariant for the case where L is ample
and spanned by global sections. As applications we get a lower
bound (resp. an upper bound) for the dimension of H0(KX + tL) if
L is ample and spanned by global sections (resp. very ample).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let X be a projective variety of dimension n deﬁned over the ﬁeld of complex numbers, and let L
be an ample line bundle on X . Then (X, L) is called a polarized variety. If X is smooth, then we say
that (X, L) is a polarized manifold.
When X is smooth, adjoint bundles KX + tL of (X, L) play an important role for investigating this
(X, L) (for example, see [2, Chapters 7, 9, and 11]), where KX is the canonical line bundle of X . In
particular, it is important to get an explicit lower bound for h0(KX + tL).
In [9] and [10] we investigated a lower bound for h0(KX + tL) for n = 3 and n = 4. At that time,
we used properties of the ith sectional geometric genus gi(X, L) and the ith sectional H-arithmetic genus
χ Hi (X, L) of (X, L). The method seems to be very useful because not only we can prove that h
0(KX +
tL) > 0 but also we can classify (X, L) by the value of h0(KX + tL).
While looking at the way of proof in [9] and [10], the author realized that we can give the proof
of results in [9] and [10] more systematically. So in this paper we are going to introduce systematical
studying of h0(KX + tL).
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Ai(X, L) for every integer i with 0 i  n, which is called the ith Hilbert coeﬃcient of (X, L). (On the
reason why this invariant is called the ith Hilbert coeﬃcient, see Remark 3.3.) Here we note that for
every integer i with 1 i  n
Ai(X, L) = (−1)iχ Hi (X, L) + (−1)i−1χ Hi−1(X, L)
= gi(X, L) + gi−1(X, L) − hi−1(OX )
and
A0(X, L) = Ln = g0(X, L).
So you can easily imagine that there are some connections between Ai(X, L), gi(X, L) and χ Hi (X, L),
and we can also expect that Ai(X, L) has some good geometric properties. We also note that the
following equality holds (see Corollary 3.1):
h0(KX + tL) =
n∑
j=0
(
t − 1
n − j
)
A j(X, L).
So it is very important to know whether A j(X, L) is non-negative or not. Moreover if we can know
a lower bound for Ai(X, L), then we are able to know more explicit lower bound of h0(KX + tL).
In Section 4, we will consider the case where L is ample and spanned by global sections. Here we
recall the meaning of the ith sectional geometric genus gi(X, L) and the ith sectional H-arithmetic
genus χ Hi (X, L) in this case. Let Xn−i be the transversal intersection of general n − i members of |L|.
In this case, by Bertini’s theorem we can take Xn−i as a smooth projective variety of dimension i.
Then we can prove that gi(X, L) = hi(OXn−i ) and χ Hi (X, L) = χ(OXn−i ), that is, gi(X, L) is the ge-
ometric genus of Xn−i and χ Hi (X, L) is the Euler–Poincaré characteristic of the structure sheaf of
Xn−i . (We note that χ(OXn−i ) is called the arithmetic genus of Xn−i in the sense of Hirzebruch (see
[11, 15.5 (13), Section 15, Chapter IV]). Here we call χ(OXn−i ) the H-arithmetic genus of Xn−i .) So if L
is ample and spanned by global sections, then these invariants have some good properties, for exam-
ple, gi(X, L) hi(OX ) holds, and so on. Hence in the case where L is ample and spanned by global
sections, we can expect that Ai(X, L) also has good properties. In fact, for example, we will prove
that Ai(X, L)  0 for every i in this paper (see Proposition 4.1.1). Moreover by using results about
gi(X, L) in [6, Section 3] we can study a lower bound of Ai(X, L), and therefore by Corollary 3.1 we
can easily get a lower bound for h0(KX + tL) (see Theorems 4.3.1 and 4.3.2). Furthermore if L is very
ample, then we can get an upper bound of Ai(X, L). Therefore we can also get an upper bound for
h0(KX + tL) in this case (see Theorem 4.4.1).
In Section 5, we will give a conjecture about Ai(X, L) for the case where L is merely ample.
Notation and conventions
We say that X is a variety if X is an integral separated scheme of ﬁnite type. In particular X is
irreducible and reduced if X is a variety. Varieties are always assumed to be deﬁned over the ﬁeld
of complex numbers. In this article, we shall study mainly a smooth projective variety. The words
“line bundles” and “Cartier divisors” are used interchangeably. The tensor products of line bundles are
denoted additively.
Z: the set of integers.
R: the set of real numbers.
O(D): invertible sheaf associated with a Cartier divisor D on X .
OX : the structure sheaf of X .
χ(F): the Euler–Poincaré characteristic of a coherent sheaf F .
hi(F) := dim Hi(X,F) for a coherent sheaf F on X .
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q(X) := h1(OX ): the irregularity of X .
|D|: the complete linear system associated with a divisor D .
Bs|D|: the base locus of |D|.
KX : the canonical divisor of X .
κ(D): the Iitaka dimension of a Cartier divisor D on X .
κ(X): the Kodaira dimension of X .
Pn: the projective space of dimension n.
Qn: a smooth quadric hypersurface in Pn+1.
PX (E): the projective space bundle associated with a vector bundle E on X .
H(E): the tautological line bundle on PX (E).
∼ (or =): linear equivalence.
≡: numerical equivalence.
For a real number m and a non-negative integer n, let
[m]n :=
{
m(m + 1) · · · (m + n − 1) if n 1,
1 if n = 0,
[m]n :=
{
m(m − 1) · · · (m − n + 1) if n 1,
1 if n = 0.
Then for n ﬁxed, [m]n and [m]n are polynomials in m whose degree are n.
For any non-negative integer n,
n! :=
{ [n]n if n 1,
1 if n = 0.
Assume that m and n are integers with n 0. Then we put
(
m
n
)
:= [m]n
n! .
We note that
(m
n
)= 0 if m and n are integers with 0m < n, and (m0)= 1.
For x ∈ R, [x] := max{z ∈ Z | z x}.
2. Preliminaries
In this section we list up some notion and results which will be used later.
Notation 2.1. Let (X, L) be a polarized variety of dimension n and let χ(tL) be the Euler–Poincaré
characteristic of tL, where t is an indeterminate. Then we put
χ(tL) =
n∑
j=0
χ j(X, L)
[t] j
j! .
Deﬁnition 2.1. (See [6, Deﬁnition 2.1] and [8, Deﬁnition 2.1].) Let (X, L) be a polarized variety with
dim X = n. Then for any integer i with 0 i  n the ith sectional H-arithmetic genus χ Hi (X, L) and the
ith sectional geometric genus gi(X, L) of (X, L) are deﬁned by the following:
χ Hi (X, L) := χn−i(X, L),
gi(X, L) := (−1)i
(
χn−i(X, L) − χ(OX )
)+
n−i∑
j=0
(−1)n−i− jhn− j(OX ).
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(1) Since χn−i(X, L) ∈ Z, χ Hi (X, L) and gi(X, L) are integers by deﬁnition.
(2) If i = 0, then χ H0 (X, L) and g0(X, L) are equal to the degree Ln .
(3) If i = 1, then g1(X, L) is equal to the sectional genus g(L) of (X, L).
(4) If i = n, then χ Hn (X, L) = χ(OX ) and gn(X, L) = hn(OX ).
Proposition 2.1. Let (X, L) be a polarized manifold of dimension n. Assume that L is spanned by global sec-
tions. Then the following hold:
(1) gi(X, L) hi(OX ) for every integer i with 0 i  n.
(2) If gi(X, L) − hi(OX ) i for an integer i with 0 i  n − 1, then gi+1(X, L) = 0.
Proof. See [6, Theorem 3.1 and Corollary 3.8]. 
Notation 2.2. Let (X, L) be a polarized manifold of dimension n.
Assume that Bs|L| = ∅. We put X0 := X and L0 := L. Let Xi ∈ |Li−1| be a smooth member, and let
Li := Li−1|Xi for every integer i with 1 i  n− 1. (Here we note that we can take these members by
Bertini’s theorem.)
Remark 2.2. Let (X, L) be a polarized manifold such that L is spanned by global sections. Here we
use Notation 2.2. Then for every integers i and j with 1 i  n and 0 j  n− i, we have gi(X, L) =
gi(X j, L j) and χ Hi (X, L) = χ Hi (X j, L j). In particular we have gi(X, L) = hi(OXn−i ) and χ Hi (X, L) =
χ(OXn−i ) (see [6, Theorem 2.4, Lemma 2.4.2 and Remark 2.5(i)] and [8, Remark 2.1(4)]).
Deﬁnition 2.2. Let m and n be integers with 1  m < n and let (X, L) be a polarized manifold of
dimension n. We say that (X, L) is a scroll over a normal projective variety Y with dim Y = m if there
exists a surjective morphism with connected ﬁbers f : X → Y such that KX + (n −m + 1)L = f ∗A for
some ample line bundle A on Y .
Remark 2.3.
(1) If (X, L) is a scroll over a smooth curve C (resp. a smooth projective surface S) with dim X =
n 3, then by [3, (3.2.1) Theorem] and [2, Proposition 3.2.1] there exists an ample vector bundle E
of rank n (resp. n − 1) on C (resp. S) such that (X, L) ∼= (PC (E), H(E)) (resp. (PS (E), H(E))).
(2) In some papers, (X, L) is called a scroll over a smooth projective variety Y if (X, L) ∼=
(PY (E), H(E)), where E is a vector bundle on Y .
3. Deﬁnitions and fundamental results
Let (X, L) be a polarized manifold of dimension n. In this section, in order to investigate
h0(KX + tL) more deeply, we will introduce an invariant Ai(X, L) of (X, L) for every integer i with
0  i  n, which is called the ith Hilbert coeﬃcient of (X, L) (see Deﬁnition 3.2). Moreover we will
give a relation between h0(KX + tL) and Ai(X, L). Here we note that in this section, we consider the
case where L is merely ample unless otherwise stated.
Deﬁnition 3.1. Let (X, L) be a polarized manifold of dimension n and let t be a positive integer. Then
let
F0(t) := h0(KX + tL),
Fi(t) := Fi−1(t + 1) − Fi−1(t) for every integer i with 1 i  n.
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Here we give a relation between Fi(t) and the sectional geometric genus.
Proposition 3.1. Let (X, L) be a polarized manifold of dimension n.
(1) For every integer i with 0 i  n − 1
Fi(t) =
n−i∑
s=0
(
t
n − i − s
)
gs(X, L) −
n−i−1∑
s=0
(
t − 1
n − i − s − 1
)
hs(OX ).
(2) Fn(t) = Ln for every positive integer t.
Proof. (1) (I) First we consider the case i = 1. Then by [9, Theorem 2.1], we have
F1(t) = F0(t + 1) − F0(t)
= h0(KX + (t + 1)L)− h0(KX + tL)
=
n−1∑
s=0
(
t
n − s − 1
)
gs(X, L) −
n−2∑
s=0
(
t − 1
n − s − 2
)
hs(OX ).
So this case is true.
(II) Next we consider the case i = 0. In this case we prove this by induction on t .
(II.1) If t = 1, then by [6, Theorem 2.3] and Remark 2.1(4)
F0(1) = h0(KX + L)
= gn−1(X, L) − hn−1(OX ) + hn(OX )
=
n∑
s=0
(
1
n − s
)
gs(X, L) −
n−1∑
s=0
(
0
n − s − 1
)
hs(OX ).
Hence the case of t = 1 is true.
(II.2) Assume that the above equality holds for any positive integer t with t  l, where l is a positive
integer. If t = l + 1, then
F0(l + 1) = F1(l) + F0(l)
=
n−1∑
s=0
(
l
n − s − 1
)
gs(X, L) −
n−2∑
s=0
(
l − 1
n − s − 2
)
hs(OX )
+
n∑
s=0
(
l
n − s
)
gs(X, L) −
n−1∑
s=0
(
l − 1
n − s − 1
)
hs(OX )
=
n−1∑
s=0
(
l + 1
n − s
)
gs(X, L) −
n−2∑
s=0
(
l
n − s − 1
)
hs(OX )
+ gn(X, L) − hn−1(OX )
=
n∑(l + 1
n − s
)
gs(X, L) −
n−1∑( l
n − s − 1
)
hs(OX ).s=0 s=0
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(III) Finally we assume that the above equality holds if i  k for a positive integer k. We consider
the case i = k + 1. Then
Fk+1(t) = Fk(t + 1) − Fk(t)
=
n−k∑
s=0
(
t + 1
n − s − k
)
gs(X, L) −
n−k−1∑
s=0
(
t
n − s − 1− k
)
hs(OX )
−
n−k∑
s=0
(
t
n − s − k
)
gs(X, L) +
n−k−1∑
s=0
(
t − 1
n − s − 1− k
)
hs(OX )
=
n−k−1∑
s=0
(
t
n − s − (k + 1)
)
gs(X, L) −
n−k−2∑
s=0
(
t − 1
n − s − 1− (k + 1)
)
hs(OX ).
Therefore we get the assertion of (1).
(2) Next we prove (2). By using the equality in (1), we have
Fn(t) = Fn−1(t + 1) − Fn−1(t)
=
1∑
s=0
(
t + 1
1− s
)
gs(X, L) −
0∑
s=0
(
t
−s
)
hs(OX ) −
1∑
s=0
(
t
1− s
)
gs(X, L) +
0∑
s=0
(
t − 1
−s
)
hs(OX )
= (t + 1)g0(X, L) + g1(X, L) − h0(OX ) − tg0(X, L) − g1(X, L) + h0(OX )
= g0(X, L) = Ln.
So we get the assertion of (2). 
In order to analyse Fi(t) more deeply, we introduce the following invariant of (X, L):
Deﬁnition 3.2. Let (X, L) be a polarized manifold of dimension n. Then for every integer i with 0
i  n let
Ai(X, L) := Fn−i(1).
We call this Ai(X, L) the ith Hilbert coeﬃcient of (X, L).
Proposition 3.2. Let (X, L) be a polarized manifold of dimension n. Then for every integer i with 1 i  n
Ai(X, L) = gi(X, L) + gi−1(X, L) − hi−1(OX )
= (−1)iχ Hi (X, L) + (−1)i−1χ Hi−1(X, L).
Proof. By Proposition 3.1(1), we have
Ai(X, L) = Fn−i(1)
=
n−(n−i)∑ ( 1
n − s − (n − i)
)
gs(X, L) −
n−(n−i)−1∑ ( 0
n − s − 1− (n − i)
)
hs(OX )s=0 s=0
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= (−1)iχ Hi (X, L) + (−1)i−1χ Hi−1(X, L).
This completes the proof. 
Remark 3.2. (A) By Deﬁnitions 3.1 and 3.2 and Proposition 3.1(2), we have the following:
(0) Ai(X, L) ∈ Z for every integer i with 0 i  n.
(1) A0(X, L) = Ln .
(2) An(X, L) = h0(KX + L).
(B) Assume that Bs|L| = ∅. Here we use Notation 2.2. Then by Remark 2.2, Proposition 3.2, [6, Theo-
rems 2.3 and 2.4] and Remark 2.1(4), we have
Ai(X, L) = gi(X, L) + gi−1(X, L) − hi−1(OX )
= hi(OXn−i ) + gi−1(Xn−i, Ln−i) − hi−1(OXn−i )
= h0(KXn−i + Ln−i).
(C) In [12], Ionescu deﬁned an invariant δ(X, L) as
δ(X, L) := χn−2(X, L) − χn−1(X, L)
when L is very ample, and investigated some properties of δ(X, L) (see [12, Theorem 1.4, Proposi-
tion 2.4 and Proposition 3.9]). By Proposition 3.2 and Deﬁnition 2.1, we see that δ(X, L) = A2(X, L).
By using A j(X, L), Fn−i(t) can be written as follows.
Theorem 3.1. Let (X, L) be a polarized manifold of dimension n and let t be a positive integer. Then for every
integer i with 0 i  n
Fn−i(t) =
i∑
j=0
(
t − 1
i − j
)
A j(X, L).
Proof. We prove this equality by induction on i.
(a) If i = 0, then this is true by Proposition 3.1(2) and Remark 3.2(A)(1).
(b) Assume that the case where i = k is true. We consider the case where i = k + 1. Then
Fn−k−1(t + 1) − Fn−k−1(t) = Fn−k(t)
=
k∑
j=0
(
t − 1
k − j
)
A j(X, L).
Then
Fn−k−1(t + 1) =
k∑
j=0
{(
t − 1
k − j
)
+ · · · +
(
1
k − j
)
+
(
0
k − j
)}
A j(X, L) + Fn−k−1(1)
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k∑
j=0
{(
t − 1
k − j
)
+ · · · +
(
1
k − j
)
+
(
1
k + 1− j
)}
A j(X, L) + Ak+1(X, L)
=
k∑
j=0
(
t
k + 1− j
)
A j(X, L) + Ak+1(X, L)
=
k+1∑
j=0
(
t
k + 1− j
)
A j(X, L).
Therefore
Fn−k−1(t) =
k+1∑
j=0
(
t − 1
k + 1− j
)
A j(X, L).
We get the assertion. 
By putting i = n in Theorem 3.1 we get the following.
Corollary 3.1. Let (X, L) be a polarized manifold of dimension n and let t be a positive integer. Then
h0(KX + tL) =
n∑
j=0
(
t − 1
n − j
)
A j(X, L).
Remark 3.3. Let (X, L) be a polarized manifold of dimension n. We set
χ
(
L⊗s
)=
n∑
j=0
(−1) je j
(
s + n − j
n − j
)
,
where e j is the jth Hilbert coeﬃcient of χ(L⊗s). Here we set s = −t with t > 0. Then
χ
(
L⊗−t
)=
n∑
j=0
(−1) je j
(−t + n − j
n − j
)
=
n∑
j=0
(−1)ne j
(
t − 1
n − j
)
.
By the Kodaira vanishing theorem and the Serre duality, we have χ(L⊗−t) = (−1)nh0(KX + tL). There-
fore
F0(t) =
n∑
j=0
e j
(
t − 1
n − j
)
because F0(t) = h0(KX + tL). On the other hand, by Theorem 3.1 or Corollary 3.1 we have
F0(t) =
n∑
j=0
A j(X, L)
(
t − 1
n − j
)
.
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of (X, L).
4. The case where L is ample and spanned by global sections
In this section, we consider the case where L is ample and spanned by global sections.
4.1. The non-negativity of Ai(X, L)
By Corollary 3.1, we see that in order to know the value of h0(KX + tL) it is important to know
the value of Ai(X, L). So ﬁrst we consider the non-negativity of Ai(X, L).
Proposition 4.1.1. Let (X, L) be a polarized manifold of dimension n. Assume that L is spanned by global
sections. Then the following hold.
(1) Ai(X, L) 0 for every integer i with 1 i  n.
(2) Let i be an integer with 1 i  n− 1. If Ai(X, L) = 0, then Ak(X, L) = 0 for every integer k with i + 1
k n.
(3) Let i be an integer with 0 i  n − 1. If gi(X, L) = hi(OX ), then Ak(X, L) = 0 for every integer k with
i + 1 k n.
Proof. (1) Since Ai(X, L) = gi(X, L) + gi−1(X, L) − hi−1(OX ), we have Ai(X, L)  0 by Proposi-
tion 2.1(1).
(2) Assume that Ai(X, L) = 0. Then gi(X, L) = 0 = hi(OX ) and gi−1(X, L) = hi−1(OX ) by Proposi-
tion 2.1(1). Therefore by Proposition 2.1(2), we see that gk(X, L) = 0 = hk(OX ) for every k with k i.
Therefore we get the second assertion.
(3) By assumption and Proposition 2.1(2), we have gi+1(X, L) = 0 and gi(X, L) = hi(OX ). Hence
Ai+1(X, L) = 0 by Proposition 3.2. So we get the third assertion by (2). 
4.2. A characterization of (X, L) with h0(KX + (n − i)L) = 0
If L is ample and spanned by global sections, then we can prove that h0(KX + (n + 1)L) > 0.
Proposition 4.2.1. Let (X, L) be a polarized manifold of dimension n 3. Assume that L is spanned by global
sections. Then h0(KX + (n + 1)L) > 0 holds.
Proof. We use Notation 2.2. For every integer j with 0  j  n − 2, we get the following exact se-
quence
0 → KX j + (n − j)L j → KX j + (n − j + 1)L j → KX j+1 + (n − j)L j+1 → 0.
By using this exact sequence and the Kodaira vanishing theorem, we obtain
h0
(
KX + (n + 1)L
)
 h0(KX1 + nL1)
.
.
.
 h0(KXn−1 + 2Ln−1).
On the other hand by applying the Riemann–Roch theorem to the smooth curve Xn−1, we have
h0(KXn−1 + 2Ln−1) = h1(OXn−1) − 1 + 2deg Ln−1  1. Therefore h0(KX + (n + 1)L)  1 and we get
the assertion. 
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is an integer with 1 t  n. Here, by using Proposition 4.1.1, we will give the following characteriza-
tion of (X, L) with h0(KX + (n − i)L) = 0 for an integer i with 0 i  n − 1.
Theorem 4.2.1. Let (X, L) be a polarized manifold of dimension n and let i be an integer with 0 i  n − 1.
Assume that L is spanned by global sections. Then the following are equivalent.
(1) h0(KX + (n − i)L) = 0.
(2) Ai+1(X, L) = 0.
(3) A j(X, L) = 0 for every integer j with i + 1 j  n.
(4) gi(X, L) = hi(OX ).
(5) gi(X, L) = hi(OX ) and g j(X, L) = 0 for every integer j with i + 1 j  n.
(6) χ Hj (X, L) = χ(OX ) for every integer j with i  j  n.
Proof. (A) By Corollary 3.1 and Proposition 4.1.1(1), we see that (1) implies (2).
(B) Proposition 4.1.1(2) shows that (2) implies (3).
(C) Assume that (3) holds. Since Ai+1(X, L) = 0, we have gi+1(X, L) = 0 and gi(X, L) = hi(OX ) by
Proposition 3.2 and Proposition 2.1(1). Hence we get (4).
(D) If (4) holds, then by Proposition 2.1(2) we obtain (5).
(E) Assume that (5) holds. Then g j(X, L) = h j(OX ) = 0 for every integer j with i + 1  j  n by
Proposition 2.1(1). Since χ Hj (X, L) =
∑ j−1
k=0(−1)khk(OX ) + (−1) j g j(X, L) by Deﬁnition 2.1, we get (6).
(F) Assume that (6) holds. Then by Proposition 3.2 we have A j(X, L) = 0 for every integer j with
i + 1 j  n. Hence by Corollary 3.1 we have (1).
This completes the proof of Theorem 4.2.1. 
4.3. A lower bound of h0(KX + tL)
As an application of Proposition 4.1.1 and Theorem 4.2.1, we consider a lower bound of h0(KX + tL)
for the case where L is ample and spanned by global sections. First we deﬁne the following.
Deﬁnition 4.3.1. Let (X, L) be a polarized manifold of dimension n and let
p(X, L) := min{t > 0 ∣∣ t ∈ Z, h0(KX + tL) 	= 0}.
Using this p(X, L), we study a lower bound of h0(KX + tL).
Remark 4.3.1. If L is ample and spanned by global sections, then by Proposition 4.2.1 we see that
p(X, L) n + 1.
Here we note the following lemma.
Lemma 4.3.1. Let (X, L) be a polarized manifold of dimension n. Assume that L is spanned by global sections.
Then A j(X, L) = 0 for every integer j with n − p(X, L) + 2 j  n.
Proof. By the deﬁnition of p(X, L), we have h0(KX + (p(X, L)− 1)L) = 0. Hence by Theorem 4.2.1 we
get the assertion. 
Next we prove the following lemma which will be used later.
Lemma 4.3.2. Let (X, L) be a polarized manifold of dimension n. Assume that L is spanned by global sections.
(1) For every integer j with 0 j  n − p(X, L) + 1, we have A j(X, L) 	= 0.
Y. Fukuma / Journal of Algebra 320 (2008) 3543–3558 3553(2) Assume that p(X, L) n. Then gn−p(X,L)(X, L) − hn−p(X,L)(OX ) 1.
(3) If p(X, L) n − 1, then g j(X, L) − h j(OX ) j + 1 for any integer j with 0 j  n − p(X, L) − 1.
Proof. Set p := p(X, L).
(1) Since h0(KX + pL) 	= 0, we obtain An−p+1(X, L) 	= 0 by Corollary 3.1 and Lemma 4.3.1. Here
we note that A0(X, L) > 0 because A0(X, L) = Ln . On the other hand, if A j(X, L) = 0 for some j with
1 j  n − p, then An−p+1(X, L) = 0 by Proposition 4.1.1(2) and this is a contradiction.
(2) If gn−p(X, L)− hn−p(OX ) = 0, then gn−p+1(X, L) = 0 by Proposition 2.1(2). Therefore in partic-
ular we have An−p+1(X, L) = 0 by Proposition 3.2 and this is impossible by (1). Hence gn−p(X, L) −
hn−p(OX ) 1. In particular gn−p(X, L) 	= 0.
(3) Assume that g j(X, L)−h j(OX ) j for some integer j with 0 j  n− p−1. So g j+1(X, L) = 0
by Proposition 2.1(2). But then gn−p(X, L) = 0 by Proposition 2.1(2) and this is impossible. Hence we
get the assertion. 
Proposition 4.3.1. Let (X, L) be a polarized manifold of dimension n 3. Assume that L is spanned by global
sections. Then one of the following holds:
(1) (X, L) ∼= (Pn,OPn (1)). In this case p(X, L) = n + 1.
(2) (X, L) ∼= (Qn,OQn (1)). In this case p(X, L) = n.
(3) (X, L) is a scroll over a smooth curve C . In this case p(X, L) = n.
(4) p(X, L) n − 1.
Proof. Here we use Notation 2.2. First we note that h0(KX + (n − 1)L)  h0(KXn−3 + 2Ln−3) by the
same argument as the proof in Proposition 4.2.1.
Assume that p(X, L) > n − 1. Then h0(KXn−3 + 2Ln−3) = 0. Hence by [9, Theorem 2.4] we see that
KXn−3 + 2Ln−3 is not nef. Hence KX + (n − 1)L is also not nef. Therefore by [4, (11.2) Theorem and
(11.7) Theorem] or [13, Theorem], (X, L) is one of the types (1), (2) and (3) above. Moreover, in each
case, we can easily calculate the value p(X, L) and we get the assertion. 
Remark 4.3.2. (1) If (X, L) ∼= (Pn,OPn (1)) (resp. (Qn,OQn (1))), then h0(KX + tL) =
(t−1
n
)
(resp.
(t
n
)+(t−1
n
)
) for every integer t > 0.
(2) If (X, L) is a scroll over a smooth curve C with dim X = n  3 and L is spanned by global
sections, then
h0(KX + tL) 2
(
t − 1
n − 1
)
+ 3
(
t − 1
n
)
= 2
(
t
n
)
+
(
t − 1
n
)
.
Proof of (2). If g1(X, L) = 0, then g(C) = 0 and we see that Ln  3 because n  3. Therefore
A1(X, L) 2 and A0(X, L) 3.
If g1(X, L) 1, then Δ(L) 1 by [4, (12.1) Theorem] and h1(OX ) = g1(X, L) 1. (Here Δ(L) de-
notes the Δ-genus of (X, L), which is deﬁned by the following formula: Δ(L) := n + Ln − h0(L).) If
Ln  2, then Δ(L) = 1 and Ln = 2. But then h1(OX ) = 0 by [4, (6.13) Corollary] and this is a contra-
diction. Hence Ln  3. Therefore A1(X, L) 3 and A0(X, L) 3.
Therefore by Corollary 3.1 and Lemma 4.3.1 we get the assertion. 
Here we note that by this proof we can easily prove the following.
Assume that (X, L) is a scroll over a smooth curve C . Then h0(KX + tL) = 2
(t
n
)+ (t−1n ) for every
positive integer t if and only if C ∼= P1, (X, L) ∼= (PP1 (E), H(E)) and E ∼= OP1 (1) ⊕ OP1 (1) ⊕ OP1 (1).
Next we consider the case where p(X, L) = n − 1.
Theorem 4.3.1. Let (X, L) be a polarized manifold of dimension n  3. Assume that L is spanned by global
sections and p(X, L) = n − 1.
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h0(KX + tL)
(
t − 1
n − 2
)
+ 2
(
t − 1
n − 1
)
+ 2
(
t − 1
n
)
. (4.1)
(2) Assume that t  n. Then the equality of (4.1) in (1) holds if and only if (X, L) is the following type:
(∗) There exists a double covering π : X → Pn such that the branch locus is a hypersurface of degree 4
and L = π∗(OPn (1)).
(3) Assume that t = n − 1. Then the equality of (4.1) in (1) holds if and only if (X, L) is a Del Pezzo manifold,
that is, K X ∼ −(n − 1)L.
Proof. (1) In this case, by Lemma 4.3.2(2), (3) and Proposition 2.1(1), we have
⎧⎨
⎩
A2(X, L) = g2(X, L) + g1(X, L) − h1(OX ) 1,
A1(X, L) = g1(X, L) + Ln − 1 2,
A0(X, L) = Ln  2.
Therefore by Corollary 3.1 and Lemma 4.3.1 we have
h0(KX + tL) =
n∑
j=0
(
t − 1
n − j
)
A j(X, L)
=
2∑
j=0
(
t − 1
n − j
)
A j(X, L)

(
t − 1
n − 2
)
+ 2
(
t − 1
n − 1
)
+ 2
(
t − 1
n
)
.
(2) We assume that t  n and the equality of (4.1) in (1) holds. Then by the above proof we
have A1(X, L) = 2. Here we note that Ln  2 and g1(X, L)  1 by Lemma 4.3.2(2) and (3). Since
A1(X, L) = g1(X, L) + Ln − 1, we have Ln = 2 and g1(X, L) = 1. Since L is spanned by global sections,
we have h0(L)  n + 1 and Δ(L)  1. Therefore by using [4, (4.2) Theorem and (12.1) Theorem] we
have Δ(L) = 1 because g1(X, L) = 1. Hence by [4, (6.13) Corollary], we get the type (∗) above.
Conversely if (X, L) is the type (∗) above, we can easily check that p(X, L) = n − 1 and h0(KX +
tL) = (t−1n−2)+ 2(t−1n−1)+ 2(t−1n ).
(3) We assume that t = n − 1 and the equality of (4.1) in (1) holds. Then we have A2(X, L) = 1.
Here we note that by Lemma 4.3.2(2) we have g1(X, L) h1(OX ) + 1. We also note that g2(X, L) 0
by Proposition 2.1(1). So, since A2(X, L) = g2(X, L)+ g1(X, L)−h1(OX ), we have (g2(X, L), g1(X, L)−
h1(OX )) = (0,1). Then by [5, Theorem 2.2], we see that (X, L) is a Del Pezzo manifold.
Conversely if (X, L) is a Del Pezzo manifold, then p(X, L) = n − 1 and h0(KX + (n − 1)L) = 1 =(
(n−1)−1
n−2
)+ 2((n−1)−1n−1 )+ 2((n−1)−1n ).
This completes the proof. 
Finally we consider the case where p(X, L) n − 2.
Theorem 4.3.2. Let (X, L) be a polarized manifold of dimension n  3. Assume that L is spanned by global
sections and p(X, L) n − 2.
(1) The following inequality holds.
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(
t − 1
p(X, L) − 1
)
+
(
t − 1
p(X, L)
)(
n − p(X, L) + 1)
+
n−p(X,L)−1∑
j=1
(
t − 1
n − j
)
(2 j + 1) + 2
(
t − 1
n
)
. (4.2)
(2) Assume that t  n. Then the equality of (4.2) in (1) holds if and only if (X, L) is the following type:
(∗∗) There exists a double covering π : X → Pn such that the branch locus is a hypersurface of degree 6
and L = π∗(OPn (1)).
Proof. (1) We set p := p(X, L). By Lemma 4.3.2(2), (3) and Proposition 2.1(1), we have
⎧⎪⎨
⎪⎩
An−p+1(X, L) 1,
An−p(X, L) n − p + 1,
A j(X, L) 2 j + 1 if 1 j  n − p − 1,
A0(X, L) 2.
Therefore by Corollary 3.1 and Lemma 4.3.1 we get the ﬁrst assertion.
(2) We assume that t  n and the equality of (4.2) in (1) holds. Then by the above proof we
have A1(X, L) = 3. Here we note that Ln  2 and g1(X, L)  2 by Lemma 4.3.2(3). Since A1(X, L) =
g1(X, L) + Ln − 1, we have Ln = 2 and g1(X, L) = 2. Since L is spanned by global sections, we have
h0(L)  n + 1. Therefore by using [4, (4.2) Theorem and (12.1) Theorem] we have Δ(L) = 1 because
g1(X, L) = 2. By [4, (6.13) Corollary], we get the type (∗∗) above.
Conversely assume that (X, L) is the type (∗∗) above. Here we note that in this case p(X, L) =
n − 2, h0(KX + jL) = 0 for every integer j with 1  j  n − 3 and hk(OX ) = 0 for every positive
integer k. By [6, Theorem 2.3], we have g2(X, L) = h0(KX + (n − 2)L) = 1 and g3(X, L) = 0. Therefore
we have
A3(X, L) = g3(X, L) + g2(X, L) − h2(OX ) = 1,
A2(X, L) = g2(X, L) + g1(X, L) − h1(OX ) = 3,
A1(X, L) = g1(X, L) + Ln − h0(OX ) = 3,
A0(X, L) = 2.
So by Corollary 3.1 and Lemma 4.3.1 we have h0(KX + tL) =
(t−1
n−3
) + 3(t−1n−2) + 3(t−1n−1) + 2(t−1n ) =( t−1
p(X,L)−1
)+ 3( t−1p(X,L))+ 3(t−1n−1)+ 2(t−1n ). 
4.4. An upper bound of h0(KX + tL) for the case where L is very ample
Next we consider the case where L is very ample. Then we will give an upper bound of h0(KX +tL)
by using results in Section 3.
Theorem 4.4.1. Let (X, L) be a polarized manifold of dimension n. Assume that L is very ample. Let d := Ln,
N := h0(L) − 1, M := [(d − 1)/(N − n)] and  := d − 1− M(N − n). Then
h0(KX + tL)
n∑
j=1
(
t − 1
n − j
)(
M + 1
j + 1
)
(N − n) +
n∑
j=1
(
t − 1
n − j
)(
M + 1
j
)
 +
(
t − 1
n
)
d.
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gi(X, L)
(
M
i + 1
)
(N − n) +
(
M
i
)
. (4.3)
By (4.3) and Proposition 3.2, for every integer j  2
A j(X, L) = g j(X, L) + g j−1(X, L) − h j−1(OX )

(
M
j + 1
)
(N − n) +
(
M
j
)
 +
(
M
j
)
(N − n) +
(
M
j − 1
)

=
(
M + 1
j + 1
)
(N − n) +
(
M + 1
j
)
,
A1(X, L) = g1(X, L) + Ln − 1

(
M
2
)
(N − n) +
(
M
1
)
 + d − 1
=
(
M
2
)
(N − n) +
(
M
1
)
 +
(
M
1
)
(N − n) +
(
M
0
)

=
(
M + 1
2
)
(N − n) +
(
M + 1
1
)
,
and by Remark 3.2(A)(1)
A0(X, L) = d.
Hence by Corollary 3.1 we have
h0(KX + tL) =
n∑
j=0
(
t − 1
n − j
)
A j(X, L)

n∑
j=2
{(
t − 1
n − j
)(
M + 1
j + 1
)
(N − n) +
(
t − 1
n − j
)(
M + 1
j
)

}
+
(
t − 1
n − 1
)(
M + 1
2
)
(N − n) +
(
t − 1
n − 1
)(
M + 1
1
)
 +
(
t − 1
n
)
d
=
n∑
j=1
{(
t − 1
n − j
)(
M + 1
j + 1
)
(N − n) +
(
t − 1
n − j
)(
M + 1
j
)

}
+
(
t − 1
n
)
d.
Therefore we get the assertion. 
Remark 4.4.1. Let (X, L) be a polarized manifold of dimension n. Assume that the following hold:
(1) L is very ample.
(2) gi(X, L) =
( M
i+1
)
(N −n)+ (Mi ) for every integer i with 1 i  n, where M , N and  are the same
notation as in Theorem 4.4.1.
(3) hi(OX ) = 0 for every integer i with 1 i  n − 1.
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h0(KX + tL) =
n∑
j=1
(
t − 1
n − j
)(
M + 1
j + 1
)
(N − n) +
n∑
j=1
(
t − 1
n − j
)(
M + 1
j
)
 +
(
t − 1
n
)
d
holds by the proof of Theorem 4.4.1. We note that there exists a polarized manifold (X, L) which
satisﬁes (1), (2) and (3) above. For example, X is a hypersurface of degree d in Pn+1 and L := OX (1).
Then L is very ample and (1) is satisﬁed. We can easily check that (X, L) satisﬁes (3). Finally we
check that (X, L) satisﬁes (2). By taking general (n − i) members H1, . . . , Hn−i ∈ |L|, we see that
V := H1∩· · ·∩Hn−i is a hypersurface of degree d in Pi+1. Therefore by Remark 2.2 we have gi(X, L) =
hi(OV ). Since hi(OV ) =
(d−1
i+1
)
, we get gi(X, L) =
(d−1
i+1
)
in this case. Since N = n + 1, M = d − 1 and
 = 0, this (X, L) satisﬁes (2). Therefore the upper bound of h0(KX + tL) in Theorem 4.4.1 is best
possible.
5. Conjecture
In this ﬁnal section, we will give the following conjecture and its remark. By analogy with the case
where L is ample and spanned by global sections, we can give the following conjecture.
Conjecture 5.1. Let (X, L) be a polarized manifold of dimension n 2.
(1) Ai(X, L) 0 holds for every integer i with 0 i  n − 1.
(2) Let i be an integer with 0 i  n − 1. Then the following are equivalent.
(2.1) h0(KX + (n − i)L) = 0.
(2.2) A j(X, L) = 0 for every integer j with i + 1 j  n.
(2.3) χ Hj (X, L) = χ(OX ) for every integer j with i  j  n.
(2.4) gi(X, L) = hi(OX ) and g j(X, L) = 0 for every integer j with i + 1 j  n.
Remark 5.1.
(1) If A j(X, L) 0 for every integer j with i + 1 j  n, then (2.1) implies (2.2) by Corollary 3.1.
(2) By Proposition 3.2 and Remark 2.1(4), we see that (2.2) holds if and only if (2.3) holds.
(3) By Corollary 3.1, (2.2) implies (2.1).
(4) If g j(X, L) h j(OX ) for every integer j with i  j  n, then (2.3) is equivalent to (2.4).
(5) If L is ample and spanned by global sections, then the following (†) implies (2.4) (see Theo-
rem 4.2.1):
(†) gi(X, L) = hi(OX ).
But if L is not spanned by global sections, then (†) does NOT imply (2.4). There is the following
example: By [1] there exists a Calabi–Yau 3-fold X and an ample line bundle L on X such that
h0(L) = 1. Then g2(X, L) = 0. Since h2(OX ) = h1(OX ) = 0, we have g2(X, L) = h2(OX ). But since
h3(OX ) = 1, we get g3(X, L) = 1.
(6) If L is ample and spanned by global sections, then the following (††) implies (2.2) (see Theo-
rem 4.2.1):
(††) Ai+1(X, L) = 0.
The author conjectures that for the case where L is merely ample there exists a polarized mani-
fold (X, L) such that Ai+1(X, L) = 0 but A j(X, L) 	= 0 for some j with i+2 j  n. But at present
we do not have any example of this type.
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